A recently developed computational scheme, based on the complex-rotation method combined with a mixed Slater-Landau basis expansion, has been applied to calculations of photoionization from atomic hydrogen ground and excited states in a strong magnetic field typical of magnetic white dwarf stars. Photoionization cross sections are presented for the twelve states 1s 0 , 2s 0 , 2p 0 , 2p −1 , 3s 0 , 3p 0 , 3p −1 , 3d 0 , 3d −1 , 3d −2 , 4f −2 , and 4f −3 with magnetic field strengths from 23.5 to 2350 MG. In most cases, good agreement has been found between the current results and the limited theoretical data in the literature. New transitions and additional field strengths are given here which will be applicable to modeling the flux and polarization spectra of magnetic white dwarfs with hydrogen-dominated atmospheres.
Introduction
The spectroscopy and dynamics of atoms in a magnetic field has been the subject of intensive study since early in the last century. The effect of weak fields on atomic structures, i.e., the linear Zeeman effect, was quite well understood in the early development stage of quantum theory. In general, the effect is quantitatively treated to only first order within the framework of perturbation theory, but the resulting spectral line splitting is in good agreement with experiment. Furthermore, the spin magnetic moment of the electron was found by anlyzing the spectral line splitting in a magnetic field.
Interest in the quadratic Zeeman effect, a strong-field phenomenon, was initiated by a photoabsorption experiment of barium near its ionization threshold (Garton & Tomkins 1969) . The absorption spectrum was found to exhibit a very regular structure, a set of nearly equidistant peaks, which were later called quasi-Landau resonances because they are associated with the equally spaced Landau levels of a free electron in a magnetic field. Obviously, perturbation theory is no longer valid because the interaction between the electrons and the magnetic field is comparable to or larger than the electron-nuclear and electron-electron interactions. Many early semiclassical analyses (e.g., Starace 1973; Rau 1979; Gallas & O'Connell 1982) and quantum-mechanical studies (e.g., Clark & Taylor 1980; Clark 1981) were performed to interpret this experiment. These endeavors were only partially successful because they failed to correctly give the positions and widths of the quasi-Landau resonances or failed to give physical insight into the nature of the experimental phenomenon.
Later photoionization experiments of hydrogen atoms further stimulated theoretical interest in the diamagnetic problem (Holle et al. 1986; Main et al. 1987) . Unexpected oscillations were found in photoionization spectra above the field-free ionization limits. One of the most successful approaches, the so-called closed-orbit theory, that quantitatively explain these observed phenomena was established by Du & Delos (1987 , 1988a . The central idea of the semiclassical closed-orbit theory is that the returning electron waves may constructively interfere with outgoing electron waves to produce oscillations in the absorption spectra, dependent on the phase difference of the waves. A great number of experiments have substantiated closed-orbit theory (e.g., Van Der Veldt et al. 1993; Main et al. 1994) . Fully quantum-mechanical approaches have also been developed to understand the physics of the diamagnetic problem (O'Mahony & Mota-Furtado 1991; Delande et al. 1991; Wang & Greene 1991) .
After the discovery of superstrong magnetic fields in the atmospheres of white dwarf stars (10 2 -10 5 T) and neutron stars (10 7 -10 9 T) (Garstang 1977) , considerable attention has been paid to the problem of atoms in a superstrong magnetic field, thought to be beyond the breakdown of the quadratic Zeeman effect. To identify spectral lines observed in white dwarf stars and neutron stars and to determine their field strengths with the identified lines, many theoretical approaches for magnetized atomic structure calculations have been developed (e.g., Ivanov 1988 Ivanov , 1994 Rösner et al. 1984; Shertzer 1989; Dimova et al. 2005; Chen & Goldman 1992; Kravchenko et al. 1996; Forster et al. 1984; Becken & Schmelcher 2002 ). The energy levels and radiative transition probabilities of atomic hydrogen states with principal quantum numbers n ≤ 6 and field strenths up to 10 8 T have been compiled by Ruder et al. (1994) . The knowledge of these data were necessary to understand the discrete spectral lines, but insufficient to elucidate positive-energy, or bound-free, spectra believed to provide significant continuum opacity and polarization effects in astronomical objects with strong magnetic fields.
Several bound-free theoretical studies have been made to understand the complex features of positive-energy spectra. One of the earliest was that reported by Alijah et al. (1984) on photoionization cross sections of hydrogen in a magnetic field of 2000 T. They numerically solved coupled Schrödinger equations in combination with multichannel quantum defect theory. Wang & Greene (1991) developed an eigenchannel R-matrix method, an important step in understanding the motion of the electron in combined Coulomb and magnetic fields. The complex-rotation method was also applied to such investigations by Delande et al. (1991) and Merani et al. (1995) . In the latter work, a Sturmian basis set was selected to expand the eigenvectors of the rotated Hamiltonian H(Θ). Such a selection leads to a very large basis size to obtain converged results. For example, a 10 000 × 10 000 complex matrix was diagonalized to obtain converged photoionization cross sections of hydrogen with a magnetic field from 117 to 235 MG in Delande et al. (1991) and Merani et al. (1995) .
Recently, we developed a computational scheme, based on the complex-rotation method combined with a mixed Slater-Landau basis expansion, to calculate photoionization of magnetized atomic hydrogen (Zhao & Stancil 2006) . The size of the basis is explicitly much smaller than the Sturmian basis used in Delande et al. (1991) and Merani et al. (1995) as it incorporates both limiting cases, corresponding to pure Coulomb states and pure Landau states, with correct solutions at each limit. The cross sections from the ground state 1s 0 and 2p −1 excited states were reported therein. In this paper, we extend our calculations of photoionization to excited states. A total of twelve states, 1s 0 , 2s 0 , 2p 0 , 2p −1 , 3s 0 , 3p 0 , 3p −1 , 3d 0 , 3d −1 , 3d −2 , 4f −2 , and 4f −3 are considered in the current calculations. The layout of this paper is as follows. Section 2 outlines the complex-rotation method and its application to the current problem. In Section 3, photoionization cross sections from the ground and excited states of atomic hydrogen are presented and compared with available results. The dependence of the photoionization spectra for the excited states as a function of magnetic field strength is investigated. Applications to spectral modeling of magnetic white dwarfs is discussed in section 4. Finally, section 5 summarizes the main results. Atomic units are used throughout unless otherwise noted.
Theory
If one neglects the motion of the nucleus, namely an infinite nuclear mass is assumed, and relativistic effects like spin-orbit coupling, the Hamiltonian of a hydrogen atom in a uniform magnetic field along the z-axis in atomic units is given by
where B is the magnetic-field strength, z and σ z are the z components of the orbital and spin angular momenta, respectively, the third term linear in B is the paramagnetic potential, and the fourth term quadratic in B is the diamagnetic potential. As spin-orbit coupling is neglected, the projections of the orbital and spin angular momenta onto the field axis z are conserved separately, i.e. H commutes with z (corresponding quantum number m) as well as σ z . Another conserved quantity is the z-parity π z , as the Hamiltonian is unchanged under the transformation z → −z. There exist no other conserved quantities in the system. Thus the eigenstates of the Hamiltonian are labelled by the two good quantum numbers m and π z .
The simultaneous presence of the Coulomb and diamagnatic potentials in the Hamiltonian (1) completely breaks the spherical symmetry of the pure Coulomb problem and the cylindrical symmetry of the pure Landau problem and, as a conseqence, makes it quite difficult to theoretically handle such a nonintegrable system. In any coordinate system, the Hamiltonian is not separable and one has to solve the Schrödinger equation by means of a two-dimensional numerical integration method. Below our computational scheme, based on the complex-rotation method combined with a mixed Slater-Landau basis expansion, is described.
In the complex-rotation method (Rescigno & McKoy 1975) , the radial coordinate is transformed by r → re iΘ , where Θ is the rotation angle, and therefore the transformed Hamiltonian H(Θ) is written in the form
The mixed Slater-Landau basis set (Chen & Goldman 1992) has the form
where m is the magnetic quantum number, n = 0, 1, 2, ..., N r ; takes even or odd integer values greater than or equal to |m| up to N θ ; and λ and η are optimized nonlinear variational parameters related to the two limits, pure Coulomb states and pure Landau states. The complex eigenvalue problem can be solved simply by diagonalizing H(Θ) if an orthogonal basis set of functions {x i } is chosen. However, the current basis set is nonorthogonal, namely there are nonzero overlap matrix elements N n ,n =< φ n |φ n > with n = n and = .
Some modifications are made in order to solve the eigenvalue problem. In such a basis set, the eigenvalue equation is written in a matrix notation
where each matrix element of H and N can be expressed in terms of a basic two-dimensional numerical integral of the form
where i, j and k are the integers related to (n, ) of the ket vector, (n , ) of the bra vector and m with i = i( , , m), j = j(m), and k = k(n, n ). The integral can be obtained by multiple Gauss quadrature (Press et al. 1992) . Laguerre polynomials are used to evaluate the inner r-integral and Legendre polynomials for the outer θ-integral (Stancil 1994) .
A numerically stable procedure for the decomposition of the N matrix is necessary to solve Eq. (4). Cholesky decomposition was found to be successful (Zhao & Ho 2004) , but requires that the matrix elements of N have high precision when a basis size is large (N r > ∼ 20). Here we adopt the singular value decomposition method (Press et al. 1992) . Once the overlap matrix is successfully decomposed, the solution is a simple problem of matrix diagonalization.
The photoionization cross section σ(ω) is written as, from an initial state |ψ 0 with energy E 0 in atomic units (Zhao & Ho 2004) ,
where α is the fine-structure constant, ω the photon energy, D = − → e · − → r the dipole-length operator with light polarization vector − → e , and |ψ i and E i the complex eigenvector and eigenvalue of the rotated Hamitonian H(Θ), respectively, obtained by solving Eq. (4). ψ i | denotes the complex conjugate of the angular variables, but not of the radial variables of ψ i |, and R(Θ) is the complex-rotation operator,
Inserting the unit operator I = R(−Θ)R(Θ) between D and |ψ 0 , and after |ψ 0 , equation (7) is further written as (Rescigno & McKoy 1975) 
where N represents the number of electrons for atomic systems and ψ i (r) are linear combinations of the unrotated basis states. Their coefficients are from the solutions of Eq. (4).
Results and Discussion
Using the scheme described above, the eigenvalue problem is solved for the initial bound states n m by taking the transformation angle Θ = 0. It should be pointed out that doing so is equivalent to diagonalizing the real matrix with the variational method. The optimization of λ and η relies on their physical consideration. These two parameters are closely related to the two limits. In the Coulomb limit, η = 0 and λ = 1 for the ground state and λ = 1/n for an excited state with the principal quantum number n, while in the Landau limit, η = B/4 (Chen & Goldman 1992) . Thus for non-zero, but finite B, λ should vary between 0 and 1 (or 1/n) and η between 0 and B/4. By adjusting the nonlinear optimizing parameters λ and η, one can obtain the most stable range of the variational energy eigenvalue and therefore the optimal energy eigenvalues are determined. The energy levels and wave functions are obtained as a function of magnetic field strengths B for all the 12 initial states: 1s 0 , 2s 0 , 2p 0 , 2p −1 , 3s 0 , 3p 0 , 3p −1 , 3d 0 , 3d −1 , 3d −2 , 4f −2 , and 4f −3 . An infinite proton mass was assumed in the calculation. The resulting energy levels are compared to the available data Chen & Goldman 1992; Kravchenko et al. 1996; Dimova et al. 2005 ) and found to be in excellent agreement. The detailed comparison of the binding energies for the 1s 0 and 2p −1 states as a function of B was made in Zhao & Stancil (2006) . Quadruple precision is employed to guarantee computational accuracy throughout the calculation.
The transformation r → r exp iΘ has been applied to the Hamiltonian to solve the eigenvalue problem for the final continuum states. By adjusting the nonlinear parameters λ and η, and transformation angle Θ, we obtained the wave functions and energy spectra of the continuum states. Although our previous calculations of photoionization from the 1s 0 and 2p −1 have shown excellent agreement with reported data (Zhao & Stancil 2006) , comparison is made here with other excited states to further test the computational scheme. We first reproduce the photoionization results of Merani et al. (1995) . Figure 1 o in all calculations of this paper. The cross sections in Figure 1 are in fairly good agreement with those presented by . However, our calculation shows that the cross sections labelled as 3s 0 by Merani et al. (1995) correspond to the 3d 0 . In addition, we give the photoionization cross sections from the 3s 0 for comparison. 
− , and −2 + , respectively. We took N r = 24 and N θ = 23 for the continuum state m πz = 1 − with a total basis size of 288. N r = 23 and N θ = 22 were adopted for 1 + with a total basis size of 253, and for 1 − and −1 − with a total basis size of 264. These transitions have not be given graphically before and we are unaware of any previous photoionization calculations from n = 4 states. Figures 1 and 2 exhibits rich resonance structures due to the converging of Rydberg series to the Landau thresholds. These resonances are associated with quasi-bound Coulombic states embedded in the Landau continua. Photoionization from 1s 0 , 2s 0 , 3d 0 , 3s 0 , 2p 0 and 3p 0 begins from the second, rather than the first Landau threshold. This is because the transitions from these states go to the m = 1 continuum, while the first ionization threshold for the m = 1 continuum state at 235 MG is the second Laudau level [also see Figure 4 of Merani et al. (1995) for details]. Furthermore, from Figures 1 and 2 it is easily seen that some of the photoionization cross sections display similar resonance behavior, for example, the 2p −1 and 3p −1 ; the 2p 0 and 3p 0 ; and the 1s 0 , 2s 0 , and 3d 0 . This is not surprising, as their final states are of the same symmetries. The photoionization spectra in Figure 4 provide information about the line strengths of discrete Rydberg states and interactions between the Rydberg states and the Landau continuum states. Above the first Landau threshold, the spectra exhibit several dips when B = 0.1 a.u. (235 MG), but a highly asymmetric resonance appears at a free electron energy ε = ∼ 0.23 a.u. when B = 0.3 a.u. (705 MG). This phenomenon reflects that line strengths of the discrete Rydberg states are very small at B = 0.1 a.u. (235 MG), but become comparable to the background continuum at B = 0.3 a.u. As B increases, the first resonance of each Rydberg series becomes more symmetrical. Further, the ratio of the background continuum to that of the Rydberg state contribution progressively decreases with increasing B. In other words, the total photoionization oscillator strength evolves from a continuous distribution to concentrations in narrow resonance structures as the magnetic field strength increases. Such behavior may be manifested as line-like features in the flux and polarization spectra of the highest-field magnetic white dwarfs.
Each of the transitions in

Applications to Magnetic White Dwarfs
About 10% of all known white dwarfs have magnetic fields in excess of 1 MG (Wickramasinghe & Ferrario 2005) . Another 11-15% have field strengths in the kilo-gauss regime (Jordan et al. 2007 ). Therefore, the incidence of magnetism in the white dwarf population is significant and may be related to their evolutionary history (Wickramasinghe & Ferrario 2005) . To accurately determine the value of the magnetic field and its geometry over the white dwarf surface requires detailed modeling of both the flux and polarization spectra. With the availability of accurate bound-bound transition data for atomic H Forster et al. 1984 ) progress has been made over the past two decades in such modeling culminating in the Zeeman tomography studies of Jordan and collaborators which attempt to fit flux and polarization spectra over all observed rotational phases (Euchner et al. 2002 (Euchner et al. , 2006 . However, uncertainties still remain which may be related to simplified treatment of the magnetic-field dependent bound-free opacities.
Early attempts to include magnetic-field dependent photoionization of hydrogen, such as the models of Grw +70
• 8247 by Wickramasinghe & Ferrario (1988) , used the approximation of Lamb & Sutherland (1974) which estimates the continuum opacities from zero-field hydrogen cross sections using the relation
where E s = E(B) − E(B = 0) and E ph is the photon energy. This procedure splits and shifts the photoionization threshold in a fashion analogous to the splitting and shifting of the bound state energies. Wickramasinghe & Ferrario (1988) included only the Balmer continuum opacity which splits into four components. They obtained good agreement with the observed flux spectrum for the 300-620 nm range, but above 620 nm there were significant discrepancies. In particular, for the wavelength range 760-920 nm, a forest of deep absorption features appear in the observed spectrum, but are not predicted by the model. More telling are synthetic spectra of linear and circular polarization which show little agreement with observed optical polarization spectra.
Later, Jordan (1992) improved the approximation by determining the threshold energy as the difference between the bound state energy and the lowest Landau level accessible by a particular ∆m transition. This splits the Balmer threshold into twelve components, but with eight wavelength-dependent thresholds (See Table 1 of Merani et al. 1995) . While this approach appears to account for the correct thresholds of the transitions, synthetic polarization spectra computed by Jordan (1992) show no improvement over previous results. The major difficulty with this approximation is that much of the interesting atomic physics of the problem is ignored as is highlighted by the rich resonance structure in the cross sections presented here.
We summarized above the considerable progress in theoretical studies of the fielddependent photoionization process up to the extensive calculations of Merani et al. (1995) . This work included Balmer and Paschen bound-free opacities for field-strengths ranging from 117 to 235 MG. However, as far as we are aware they were only included in one preliminary modeling study of Grw +70
• 8247 (Jordan & Merani 1995) which while giving some improvement in the modeled flux spectra, did not improve the agreement with observed polarization data. The lack of improvement may have been due to the sparse grid of field strengths that could be calculated with the very large Sturmian bases adopted by Merani et al. (1995) and apparently little progress has been made over the past decade. The Zeeman tomography work of Euchner et al. (2002) continues to use the modified Lamb & Sutherland approximation of Jordan (1992) primarily due to the savings in computing time when generating large grids of model spectra.
The approach described in Zhao & Stancil (2006) and applied here results in a significant reduction in bases size and offers the possibility of constructing a comprehensive database of bound-free opacities on a reasonable field-strength grid. We have made a first step towards such a database and have broaden the range of considered field strengths (23.5-2350 MG) to encompass white dwarfs with the largest known magnetic fields (i.e., PG 1031+234, 500-1000 MG Wickramasinghe & Ferrario 2000) . We have also presented Brackett bound-free cross sections for the first time. The currently computed cross sections are given in Table 1 and are available on our website www.physast.uga.edu/ugamop.
Summary
We have applied a recently developed computational scheme to calculations of photoionization from hydrogenic ground and excited states in a strong magnetic field typical of magnetic white dwarf stars. This scheme is based on the complex-rotation method combined with a mixed Slater-Landau basis expansion. Cross sections for photoionization are presented for the twelve states 1s 0 , 2s 0 , 2p 0 , 2p −1 , 3s 0 , 3p 0 , 3p −1 , 3d 0 , 3d −1 , 3d −2 , 4f −2 , and 4f −3 with magnetic field strengths from 23.5 to 2350 MG, and compared to available calculations. Fairly good agreement confirms the reliability of the current computational scheme for photoionization from hydrogenic ground and excited states. The obtained results are useful to elucidate complicated positive-energy spectra in astronomical objects with strong magnetic fields and the current scheme can be used to systematically produce data for spectra modeling needs.
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